FUSION SYSTEMS ON SMALL p-GROUPS 

DAVID A. CRAVEN AND ADAM GLESSER 

_ Abstract. In this article we study several classes of 'small' 2-groups: we 

^•—^ ' complete the classification, started in 1261 . of all saturated fusion systems on 

metacyclic p-groups for all primes p. We consider Suzuki 2-groups, and clas- 
sify all center- free saturated fusion systems on 2-groups of 2-rank 2. We end 
^ 1 by classifying all possible J^-centric, J-'-radical subgroups in saturated fusion 

systems on 2-groups of 2-rank 2. 
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1. Introduction 



In the classification of finite simple groups, a broad division is made between 
simple groups that are 'small' in some sense and those that are 'large'; one measure 
of size, less crude than the order, is the p-rank: the rank of a largest elementary 
abelian subgroup of a Sylow p-subgroup of a group. In this article we will examine 
the possible fusion on 'small' p-groups. 

The modern way to describe fusion in finite groups is via saturated fusion systems 
^ ' (see, for example, |5l for background). Remarkably, there are saturated fusion sys- 

C^ , tems that do not arise from finite groups and these exotic systems are an interesting 

and rare phenomenon, particularly for the prime 2. 

One way of hunting for exotic fusion systems is to fix a finite p-group and ask for 
all possible saturated fusion systems on that p-group. If you can show that one of 
L«. , these does not come from a finite group, you've found an exotic system. Our work 

^— s ' begins by completing the classification of saturated fusion systems on metacyclic p- 

groups, started by Stancu in [26 with his description of saturated fusion systems on 
metacyclic p-groups for odd primes p. If G is a finite group with Sylow p-subgroup 
P, then we denote the fusion system of G by Fp{G). 

~. ] . Theorem 1.1. Let P he a metacyclic 2-group. 

. 5t 1 {^) If P is dihedral or generalized quaternion, then there are three saturated 

fusion systems on P. 

(2) If P is semidihedral then there are four saturated fusion systems on P. 

(3) // P is the abelian group C2" x C2" then there are two saturated fusion 
systems on P. 

(4) // P is none of the above groups, then there is a unique saturated fusion 
system on P, namely the fusion system J-'p(P). 

In Section [5] we construct all of these saturated fusion systems as fusion systems 
of finite groups. For odd primes p, any saturated fusion system of a metacyclic 
p-group P is the fusion system of a group of the form P >^ A, where A is a p'-group 
of automorphisms of P. If every saturated fusion system on a p-group P is of this 
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form, then P is called resistant. We provide a new proof of Stancu's result that 
metacyclic p-groups, for p odd, are resistant. 

After a short section proving that Suzuki 2- groups - nonabelian 2-groups with 
an automorphism that permutes the involutions transitively - are resistant, we turn 
to fusion systems on groups of 2-rank 2. It is shown in 4' that, up to isomorphism, 
one may reconstruct J-' from J-/Z{J-') and P, so it makes sense to study center-free 
fusion systems. In Section [SJ we prove the following result, adapting the fusion- 
theoretic argument of Alperin in [2] . 

Theorem 1.2. Let T be a saturated fusion system on a finite 2- group P and sup- 
pose that P has 2-rank 2. If Z{J-) = 1, then P is dihedral, semidihedral, wreathed, 
6*2" X 6*2" or the Sylow 2-subgroup o/PSU3(4). 

This list is very similar to that of the Sylow 2-subgroups of the finite simple 
groups of 2-rank 2, although we get more abelian 2-groups. 

Having determined the center- free fusion systems on 2-groups of 2-rank 2, we 
consider all saturated fusion systems. In [S], Diaz, Ruiz and Viruel gave a descrip- 
tion of all saturated fusion systems on p-groups of p-rank 2 for p odd. The case of 
2-rank 2 is not attempted in [8] and there are special difficulties in this case arising 
from the fact that there are many 2-groups of 2-rank 2. 

Here we will start the classification of such saturated fusion systems by exhibiting 
a classification of all possible J^-centric, J^-radical subgroups of such a fusion system, 
that is, classifying all 2-groups of 2-rank 2 that possess a nontrivial automorphism 
of odd order (the automorphism groups of such groups, essentially, determine the 
fusion system). This does not appear to have been carried out in the literature, 
although such situations have been studied in, for example, [27] and [28 1 . 

In Section [5] we define 2-groups X„ and Yn, each of order 2" for n > 6, which 
possess three involutions and an outer automorphism of order 3. The next theorem 
comes from that section. (Our notation for various p-groups is defined at the end 
of the introduction.) 

Theorem 1.3. Let P be a finite 2-group of 2-rank 2. If Ant (P) is not a 2-group, 
then P is one of the following groups: 

(1) C2" X 6*2" or Qs X C2" for some n> 1; 

(2) Qs * C2" (the central product of Qs and C2" ) for some n > 2; 

(3) Qs * -D2" or Qs X Q2" for some n > 3; 

(4) Xn or Yn for n > 6 (noting that Xq ^ Yq); 

(5) QBIC2; 

(6) the Sylow 2-subgroup o/PSU3(4). 

For each of these it is possible to analyze the possible fusion systems containing 
it. If J" is a saturated fusion system on a finite 2-group P, and if U denotes an 
J^-essential subgroup of P, then by necessity U is one of the 2-groups above (or 
possibly Qs); if U is not normal in P then the structure of Np([/) and Njr(C/) is 
very restricted. This mirrors the classification in [5], where there are many groups 
for which an essential subgroup has index p, but very few with larger index. 

The organization of this paper is as follows: in the next section are the prelim- 
inary results that we need, with the following section proving Theorem 11.11 and 
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considering metacyclic p-groups for p odd. In Section |4] we introduce Suzuki 2- 
groups and prove that they are resistant, and in Section [5] we prove Theorem 11.21 
The final section proves Theoreni ll.3l 

Our notation and definitions are largely standard now, and are taken, for ex- 
ample, from 0. Note that, as in [7 , our maps will be written on the right, and 
composition is left-to-right. The cyclic group of order q is denoted by Cq, the dihe- 
dral, semidihedral, and generalized quaternion groups of order 2" are denoted by 
Z?2", SD2^ and (52" respectively, and the Klein 4- group C2 x C2 is denoted by V^. 
The wreathed 2-group is defined to be C2" I C2 ■ 

2. Preliminaries 

We begin by finding sufficient conditions for the maximal subgroups of a finite p- 
group P to be isomorphic via automorphisms of P. This will serve two important 
roles in the paper. First, for many of the groups in this paper, the structure of 
the maximal subgroups is understood, allowing us to verify immediately whether 
the sufficient conditions hold. Second, in this situation, any proper characteristic 
subgroup of P is contained in $(P), the Frattini subgroup of P. This, for instance, 
allows us to use the famous result of Burnside (see [lOl Theorem 5.1.14]) that the 
kernel of the natural map from Aut(P) to Aut(P/<I>(P)) is a p-group; this same 
result holds, of course, for any characteristic subgroup of P contained in <&(P). 

Proposition 2.1. Let P be a 2-generator finite p-group and let A be a subgroup of 
Out(P). // 1^1 is divisible by p and Op{A) — 1, then the preimage of A in Aut(P) 
acts transitively on the set of maximal subgroups of P. 

Proof. Let A denote the full preimage of A under the map Aut(P) — ;■ Out(P), and 
notice that Inn(P) is the kernel of the map A -> Aut(P/<l>(P)) ^ GL2(p). Thus A 
is isomorphic to a subgroup of G = GL2(p). We claim that (identifying A with its 
image in G) A contains SL2(p). Since Op{A) — 1, the number of Sylow p-subgroups 
of A must be p -I- 1 (as there are that many in G), and so |^| > p{p + 1); from 
the structure of GL2(p), we see that the same holds for A D SL2(p). In particular, 
the index of A n SL2(p) in SL2(p) is at most p ~ 1, which immediately leads to a 
contradiction if p > 5 as SL2(p) is quasisimple and p \ |SL2(p)|. If p — 2, then 
A n SL2(p) = ^3, and it is easy to see that SL2(3) possesses no subgroup of index 
2. Therefore A n SL2(p) = SL2(p). 

Since SL2(p) acts transitively on the projective line, we see that A permutes tran- 
sitively the p + 1 different 1-dimensional subspaces of the 2-dimensional Fp-vector 
space P/^(P)] therefore A must permute the maximal subgroups of P transitively. 
In particular, the maximal subgroups are isomorphic. D 

The conditions of this proposition were set up in such a way that if Q is an 
J^-essential subgroup of a saturated fusion system J-, and Q is 2-generator, then 
all maximal subgroups of Q are isomorphic. Notice that all we really needed in the 
proof was that A contained elements of order p -I- 1 in SL2 (p) , since they permute 
the 1-dimensional subspaces transitively. In the case where p = 2, we can therefore 
say something stronger. 

Corollary 2.2. Let P be a 2-generator 2-group. // Aut(P) is not a 2-group, then 
Aut(P) acts transitively on the maximal subgroups of P. 
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Proof. Since GL2(2) = S3, Out(P) contains an element of order p + 1 = 3 which, 
by the above remark, transitively permutes the three subspaces of dimension 1. D 



In the next corollary, we collect several consequences of Proposition 12.11 and 
Corollary 12.21 Recall from [lOli Theorem 5.4.5] that the 2-groups with maximal 
class are the dihedral, semidihedral and generalized quaternion groups (all of which 
are 2-generator groups). 

Corollary 2.3. Let P be a finite p-group. 

(1) // Aut(P) acts transitively on the maximal subgroups of P, then every 
proper characteristic subgroup C of P is contained in $(P). In particu- 
lar, there is a bisection between the maximal subgroups of P and P/C and 
the kernel of the natural map Aut(P) — >■ Aut (P/C) is a p-group. 

(2) Let p be odd. If P = Cpm x Cp" and there exists a subgroup A of Ant (P) 
such that \A\ is divisible by p and Op{A) = 1, then m — n. 

Assume that p = 2. 

(3) // P possesses a self- centralizing subgroup isomorphic to V4, then P is di- 
hedral or semidihedral. 

Assume further that Aut(P) is not a 2-group. 

(4) //P ^ C2™ X C2", then m = n. 

(5) If P has maximal class, then P = Qg,. 

(6) If P has a cyclic maximal subgroup, then P = V4 or P ^ Qg. 

Proof. (1) Let C be a proper characteristic subgroup of P. As it is contained 

in some maximal subgroup and is fixed by all automorphisms of P, it is 
contained in all maximal subgroups and hence is contained in $(P). This 
implies the bijection between maximal subgroups and the final statement 
is an immediate consequence of Burnside's result, [101 Theorem 5.1.14]. 

(2) As Cpm X Cp" has maximal subgroups Cp^ x Cpr^-l and Cp™-i x Cp7^, the 
result follows from Proposition 12. II 

(3) By [m Satz III. 14. 23], P has maximal class. Furthermore, P cannot be a 
generalized quaternion group as it contains more than one involution. 

(4) The proof is the same as in ([2]) but utilizing Corollarv l2.2l 

(5) Any maximal-class 2-group except Qg has a pair of nonisomorphic maximal 
subgroups and so the result follows from Corollarv l2.2l 

(6) Any such P is a 2-generator group. If P is abelian, then by Corollarv 12.21 
and part (g]), P = V4. If P is nonabelian, then by [TOl Theorem 5.4.4], P has 
maximal class or is a modular 2-group. The latter case is impossible since 
every modular 2-group has at least two nonisomorphic maximal subgroups 
(see Section [SH] for the definition of modular 2-groups and this statement). 
The result now follows from ([5]). 

D 

In the case where the homocyclic abelian subgroup has exponent greater than 
2, we can also pin down the structure of the ambient 2-group. 

Lemma 2.4. Let J- be a saturated fusion system on a finite 2-group P and let Q 
be a proper, abelian, J- -centric, J- -radical subgroup of P. 

(1) // IQ] < 4, then Q — V4 and P is dihedral or semidihedral. 

(2) // \Q\ > A, and P has 2-rank 2, then ]P : Ql = 2 and P is wreathed. 
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Proof. Since Q is J-'-centric and J^-radical, Aut{Q) is not a 2-group. In particular, 
Q is not cyclic. Therefore, by Corollary 12.3131 if Q — ^4; then P is dihedral or 
semidihedral. So, we may assume that \Q\ > 4. By Corollarv l2.3l4[ Q = C2" x C2'i. 
Let R = Np(Q) > Q. Since Q is J'-radical, Antjr{Q) ^ S'3 and \R : Q\ = 2. Let x 
and y be generators of Q, and let t be an element oi R\Q; considering the action 
of Ant jr{Q) on Z \ {1} (on which it must act faithfully), we see that x* ^ (x), and 
so we may choose y = x* . To prove that i? is a wreathed 2-group, we need to show 
that R \ (x, y) contains an element of order 2. 

Since t^ £ Q, and t centralizes t^, write i^ — {xyY- We have 

{x~Hf = x-'t^ir^x-H) = x-'x'y'y-' = 1, 

so that R is wreathed. Since Q is the unique maximal abelian subgroup of i?,, it is 
characteristic in R and hence Q < Np(i?). Thus P — R, a.s required. D 

3. Metacyclic 2-Groups 

3.1. Modular 2-groups. Wong [29 proved that any finite group with a modular 
2-group as a Sylow 2-subgroup is 2-nilpotent. Recently, Ensslen and Kiilshammer 
[HI Theorem 7] proved a version of Wong's results for blocks, namely, that a block 
with defect group a modular 2-group is a nilpotent block. 

Here we show that there is a single saturated fusion system on a modular 2-group 
P, namely Tp{P); this generalizes the above two results. Recall that the modular 
2-groups have the form 

Mod„ ^{x,y\ x^"'' = 1 = ^/^ yxy = x^"'^+'^), 

where n > 4. In particular, modular 2-groups are 2-generator 2-groups with 2-rank 
2. The subgroup (x) is a cyclic subgroup of index 2, and the subgroup {x'^,y) 
is a noncyclic abelian subgroup of index 2, proving the assertion in the proof of 
Corollarv 12.3161 As a warm-up to the general theorem on metacyclic 2-groups, we 
prove the following, now straightforward, proposition. 

Proposition 3.1. The only saturated fusion system on a modular 2-group is the 
trivial fusion system. 

Proof. Let P = Mod„ and let J-" be a saturated fusion system on P. As P has 
nonisomorphic maximal subgroups, Corollarv 12 . 2 1 implies that Aut(P) is a 2-group. 
Moreover, as every proper subgroup of P is abelian and P is not dihedral, semidi- 
hedral or wreathed. Lemma 12.41 implies that P has no J-"-centric, J^-radical sub- 
groups. By Alperin's fusion theorem and the Sylow axiom for fusion systems, T is 
trivial. D 

3.2. Automorphisms of metacyclic subgroups. We need to understand how 
p'-automorphisms act on metacyclic p-groups. For p — 2 we obtain a complete 
description of which metacyclic p-groups afford p'-automorphisms, and for odd p 
we determine which metacyclic p-groups have an automorphism group consistent 
with being a centric radical subgroup in a larger p-group. 

Proposition 3.2. Let Q be a metacyclic p-group such that Ant{Q) is not ap-group. 

(1) Ifp^ 2, then Q ^ C^. x C2" orQ^Q^. 

(2) If p is odd and A is a subgroup of Out [Q) such that \A\ is divisible by p 
and Op{A) — 1, then Q ^ Cpn x Cpn. 
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Proof. If Q is abelian then the resuh holds by Corollarv l2.3l41 so we assume that Q 
is nonabeUan. As Q' is cychc, the unique invohition of Q' generates a characteristic 
subgroup Z of Q of order 2. Since Z < ^(Q), we see that Aut{Q/Z) is not a 
2-group, so by induction Q/Z = Qs or Q/Z is homocychc abehan. 

In the former case, \Q/Q'\ = \{Q / Z)/ {Q' / Z)\ = \Qs/Q'a\ = 4 and so, by ^ 
Theorem 5.4.5], Q is dihedral, semidihedral or generalized quaternion. As none 
of these has Qs as a proper quotient by the center, we derive a contradiction. If 
Q/Z is homocyclic abelian, then the preimage in Q of the subgroup generated by 
all involutions in Q/Z is a characteristic subgroup C of Q of order 8 containing 
all involutions of Q. If Aut(C) is a 2-group, then an automorphism of odd order 
in Aut((5) induces the trivial automorphism on C, so in particular it induces the 
trivial automorphism on ili{Q/Z), contradicting TOl Theorem 5.2.4], which states 
that a p'- automorphism of an abelian p-group cannot act trivially on the elements 
of order p. Hence Aut(C) is not a 2-group, and so C = Qs- This implies that Q 
has a unique involution; in particular, any abelian subgroup of Q is cyclic and so, 
by [iQl Theorem 5.4.10(ii)], Q is a generalized quaternion group. Corollarv 12.3151 
implies that Q ^ Qs, proving ([T]). 

Suppose that Q is nonabelian. Since Q' is cyclic, Z = ni{Q') has order p; the 
hypotheses are inherited by Q/Z, so we may assume by induction that Q/Z is 
homocyclic abelian, of order p^". It is well known (see for example [531 Lemma 
1.2]) that Q possesses a unique elementary abelian subgroup R of order p^, and 
since this is contained in one maximal subgroup, it is contained within all of them, 
as they are all isomorphic by Proposition 12. II Again, the hypotheses are inherited 
by Q/R since R < <&(-P), and so Q/R is homocyclic abelian, of order p^'". However, 
now IQl — p2n+i — p2m+2^ ^ contradiction. Hence, Q is abelian, and [5] follows from 
Corollary [2311 □ 

In [20|, Linckelmann and Mazza define the Dade group, D(J^, P), of a saturated 
fusion system J^ on a finite p-group P as the J^-stable elements in the Dade group, 
D(P), of P. Furthermore, they give a criterion for when D(J^, P) — D(P). 

Theorem 3.3 ( |201 Theorem 6.1]). Let T he saturated fusion system on a finite 
2-group P. If every J- -essential subgroup of P is isomorphic to V4 or Qg, then 
D(.F,P) = D(P). 

This is used to prove that D(J^, P) = D(P) whenever p = 2 and P is of maximal 
class. We will use our preparatory work to generalize their result to all mctacyclic 
2-groups. 

Corollary 3.4. Let J- be a saturated fusion system on a finite 2-group P. If P is 
metacyclic, then T){J-,P) = D(P). 



Proof. As P is metacyclic, it is not wreathed and so, by Lemma 12. 4i any abelian 
J^-essential subgroup of P is isomorphic to V4. Furthermore, by Proposition 13.211] 
every nonabelian J^-essential subgroup is isomorphic to Qg. The result now follows 
from Theorem 13.31 D 



3.3. Fusion systems on metacyclic p-groups. If J^ is a saturated fusion system 
on a finite p-group P and Z is a central subgroup of J-, i.e., F = Cjr(^), then the 
following result of Kessar and Linckelmann gives a handy way of passing between 
the centric radical subgroups of J- and J- / Z . We will use it in the proof of Theorem 
[37fl 
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Proposition 3.5 (16, Proposition 3.1]). Let J- be a saturated fusion system on 
a finite p-group P and let Z be a subgroup of P such that J- = Cjf-(Z). // Q is 
an J- -centric, J- -radical subgroup of P , then Q/ Z is an J- /Z -centric, J- / Z -radical 
subgroup of P/Z. 

Lemma 3.6. Let J- be a saturated fusion system on a finite p-group P. If the 
proper T-centric, J- -radical subgroups of P have a common center Z , then Z is 
strongly J- -closed. 

Proof. Let T < Z, let Q be a proper J^-centric, J^-radical subgroup of P containing 
T and let ip e Autjr(Q). As T < Z — Z{Q) and Z{Q) is characteristic in Q, we 
have (p{T) < (p{Z{Q)) = Z(Q) ^ Z. O 

The following theorem strengthens Proposition [SUl showing that the only meta- 
cyclic 2-groups that give rise to nontrivial saturated fusion systems arc homocyclic, 
dihedral, semidihedral or generalized quaternion. At the end of Section [SI we will 
construct all saturated fusion systems on these groups. Benjamin Sambale inde- 
pendently proved this result using different methods in [25] Theorem 1]. 

Theorem 3.7. Let T be a saturated fusion system on a finite metacyclic 2-group 
P. If P is not homocyclic abelian, dihedral, semidihedral or generalized quaternion, 
then T is trivial. 



Proof. Let Q be an J^-essential subgroup of P. If Q is abelian, then Lemma 
implies that P is dihedral, semidihedral, or wreathed; since wreathed 2-groups are 
not metacyclic, this case cannot occur. 

Therefore, every proper J^-essential subgroup of P is nonabelian and hence, by 
Proposition 13.211] isomorphic to Qs- As each J^-essential subgroup Q is J^-centric, 
1 ^ Z(P) < Z(g). As the last group has order 2, Z(Q) = Z(P). By Lemma[nH 
Z = Z(P) is strongly J^-closed. The unique nontrivial element of Z(P) is thus 
central in J^. We conclude that Z — Z(J^). By Proposition 13. 5i Q/Z is J^/Z-centric 
and so P/Z has a self-centralizing subgroup isomorphic to V4. In particular, P has 
maximal class, a contradiction. 

The only remaining case is where P has no proper J^-essential subgroups. In this 
case, we invoke Proposition 13.21 to conclude that Aut(P) is a 2-group. This proves 
that T is trivial. D 

Blocks of finite groups with dihedral, semidihedral or generalized quaternion 
defect groups are tame, and so this theorem yields the following immediate corollary. 

Corollary 3.8. Any wild 2-block with a metacyclic, nonhomocyclic defect group is 
nilpotent. 

Another application of our theorem to 2-blocks with metacyclic defect groups 
is Linckelmann's "gluing problem" (see [191 Conjecture 4.2]) for blocks. Recently, 
Sejong Park showed [24] Theorem 1.2] that the gluing problem has a unique solution 
for tame blocks. Theorem 13.71 enables us to extend his result to all blocks with 
metacyclic defect groups. To state this result, we need to set up some notation. 

For a saturated fusion system J" on a finite p-group P, let C denote the poset of 
J^-conjugacy classes of chains of J^-centric subgroups of P (the ordering is induced 
by taking subchains). For i € N, let Ay denote the covariant functor sending a 
chain a € C to the abelian group H' (Aut jf (cr), /c^). This allows us to define the 
cohomology of C with coefficients in A'jr. 
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Kulshanimcr and Puig showed in [17j that if J- is the fusion system of a block 
of a finite group, then the block determines an element of H°(C, J^jr). Linckelmann 
conjectured that this element was in the image of the map 

H2(J-^fcX)->H"(C,^^) 

and showed (see [18]) that every saturated fusion system T gives rise to the exact 
sequence, 

^ H1(C,^» ^ H'^{T'',k'') -^ H"(C,^^) ^ H2(C,^» -^ H3(J-=,fe^), 

which we will use without reference in the proof of the next corollary. 

Corollary 3.9. Let J- be a saturated fusion system on a finite 2-group P and 
let k be an algebraically closed field of characteristic 2. If P is metacyclic, then 
H^(J^'^,A;^) — Ti^(C,A^) = 0. In particular, the gluing problem for 2-blocks with 
metacyclic defect group has a unique solution. 

Proof. If (T is a chain of J^-centric subgroups in C and if H^(Autjr(a), fc^ ) = 0, then 
A^jr ^ and hence B.°{C,Ajr) = 0. This implies that }l\C,A].) = H2(J-'=,fc^) 
and it would then remain to show that ll^{C,Ajr) = 0. By [24j Theorem 1.2] 
and Theorem 13.71 it will suffice to consider the cases where either J^ = Fp{P) or 
P = 6*2" X C2". In the former case A]p = A?jr = which implies that II^(C, A^jr) = 
H^(J"'^, fc^) = giving the result. 

If P ^ C2" X C2" , then there is only one J^-centric subgroup, namely P, and hence 
Hi(C,^),) =0. Furthermore, by Theorem[01 if J^^ J'p(P), then J" = J"p(PxC3) 
and hence Aut_7r(P) ^ C3. As, H^(C3, k^) =0, the proof is complete. D 

We now deal with the odd primes case, giving a structural proof of Stancu's 
result from pS] . 

Theorem 3.10. Let J- be a saturated fusion system on a finite p-group P with p 
odd. If P is metacyclic, then T — Njr(P). 

Proof. Let P be a minimal counterexample and let J^ be a saturated fusion system 
on P such that Njr(P) j^ J^. If P is abelian, the extension axiom implies every 
automorphism of a fully 7^-normalized subgroup extends to P and hence J- = 
Njr(P), so P is nonabelian. By Alperin's fusion theorem and Proposition 13.2121 
P contains an 7^-essential subgroup Q = Cpn x C^n for some n £ N. In fact, by 
[221 Lemma 2.1], Q is the unique homocyclic abelian subgroup of P of order p^" 
and hence Q is characteristic in P. Since Q is fully J^- normalized, K\xtp{Q) is a 
Sylow p-subgroup of Autjr(Q). As this latter group is isomorphic to a subgroup of 
GL2(p), 

\P--Q\ = |Np(Q) : Cp{Q)\ = |Autp(Q)| = p, 
and hence \P\ —p^^'^^. 

If n = 1, then P is an extraspecial group of order p^. As Q = Cp x Cp contains 
exactly p^ — 1 elements of order p, P must have exponent p^. As Q is J"-essential, 
the proof of Proposition 12.11 implies that Autjr((5) = Outjr{Q) contains SL2(p) 
and hence contains the automorphism (j) that inverts all elements of Q. Since 4> 
centralizes Aut p{Q), the extension axiom gives an extension ip e Autjr(P) of 0, 
which may be chosen to have order 2. Since P has p cyclic subgroups of index p, ip 
must fix (at least) one of them; call it R. The center of P is contained in R and ip 
inverts Z(P). Thus, tp induces the unique automorphism of order 2 on i? (which is. 
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of course, inversion). Therefore, ip inverts all elements of QR = P, a contradiction 
since P in nonabelian. 

We conclude that n > 1. As P/^{Q) is metacyclic, the minimality of P implies 
that P/^{Q) is resistant. Furthermore, since Q is the unique 7^-essential subgroup 
of P and since $((5) is characteristic in P, it follows that ^(Q) is strongly J^-closed. 
Thus, T = T/<^{Q) is a saturated fusion system on P = P/<^{Q). 

Since P is resistant, it is the only J^-centric, J^-radical subgroup. In particular, Q 
is not J^-centric and J-'-radical. However, since Q is elementary abelian, the kernel 
of the canonical surjection Autjr(Q) -^ AMt-^{Q) is a normal p-subgroup. It is, 
therefore, trivial since Q is J-"-radical. Thus, the above surjection is an isomorphism 
and Q is F-radical. It follows that Q cannot be F-centric. But, as [P : Q] — p, 
this implies C-p{Q) = P, i.e., Q is contained in the center of P. Therefore, P is 
abelian. This is impossible, however, as then Aut-p(Q) is trivial while p | \Aut-^{Q)\, 
contradicting the saturation of T. 

a 



4. Suzuki 2-groups 

In this short section we discuss Suzuki 2-groups and show that they are always 
resistant. This result is needed in the following section. 

Definition 4.1. A finite 2-group is a Suzuki 2-group if P is nonabelian, possesses 
more than one involution, and has an odd-order automorphism (j) such that </> tran- 
sitively permutes the elements of D,i(P). 

Examples of Suzuki 2-groups are the Sylow 2-subgroups of the Suzuki simple 
groups ^B2{q), as well as the Sylow 2-subgroups of the groups PSL3(2") and 
PSU3(2"). The main theorem on these groups is a result of Graham Higman. 

Theorem 4.2 (Higman J3.,)- If P *s a Suzuki 2-group, then 

r!i(P) = Z(P) = $(P) = P', 

and so P has exponent 4 and class 2. 

In order to prove our result, we use the following result of Aschbacher. 

Proposition 4.3 (Aschbacher). Let T be a saturated fusion system on a finite 
p-group P. If Q is a strongly T-closed subgroup of P, then T = Njr(Q) i/ and only 
if Q possesses a central series of strongly T -closed subgroups 

1 = Qo < Qi < • ■ • < Qn - Q. 

Proof. See llj Proposition 3.4]. D 

Theorem 4.4. Suzuki 2-groups are resistant. 

Proof. Let P be a Suzuki 2-group. Since Q = fii(P) is elementary abelian and 
contains all involutions, it is strongly 7^-closed. Therefore, the sequence I < Q < P 
is a central series of strongly J^-closed subgroups. Hence, by Proposition 14.31 J^ = 
Njf(P), giving us the result. D 
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5. Center-free and simple saturated fusion systems of 2-rank 2 

Using the results of the previous sections, we classify center-free saturated fu- 
sion systems on 2-groups of 2-rank 2. In 4 , it was shown that the quotient of a 
saturated fusion system T by its center preserves structure, in the sense that one 
may reconstruct T , up to isomorphism, from T /7^{J-) and the original p-group on 
which F is defined. Iterating this procedure results in a saturated fusion system 
with trivial center. Thus, understanding center-free saturated fusion systems is of 
considerable importance. For instance. Corollary 6.14 in [3] says that J- is an exotic 
fusion system if and only if T ITj{J-) is exotic. At the end of the section, we classify 
all simple saturated fusion systems on 2-groups of 2-rank 2. 

Let P be a finite 2-group of 2-rank 2 and let J^ be a center-free saturated fusion 
system on P . Since Z(J^) = 1, there is some J^-centric, J^-radical subgroup U and 
an automorphism </) such that r2i(Z(C/)) ^ Q\j{<^Y In particular, r2i(Z([/)) has 
order 4 and therefore contains all involutions in V . 

If \J is abelian, then Lemma [2^ implies that P is dihedral, semidihedral, wreathed 
or homocyclic abelian. If [/ is nonabelian then [/ is a Suzuki 2-group, and by |1H 
Lemma 2.2.6], U is the Sylow 2-subgroup of PSU3(4), a Suzuki 2-group of order 2^. 
Suppose that U < P; since U is J^-centric, the fusion system Njr{U) is constrained; 
if G is a finite group whose fusion system is that of Njr(f/), then Np(C/) has 2-rank 
3 by [HI Lemma 5.2.9(c)]. Since P has 2-rank 2, we conclude that P = U, giving 
the following theorem. 



Theorem 5.1. Let J- be a saturated fusion system on a finite 2-group P with 2- 
rank2. IfZ{J-) — 1, then P is dihedral, semidihedral, wreathed, homocyclic abelian, 
or the Sylow 2-subgroup o/PSU3(4). 

It is easy to find a center-free fusion system on each of these groups: the simple 
groups PSL2((7), PSL3((3'), PSU3(q) (for q odd), and PSU3(4) give examples for all 
but the homocyclic abelian, and in this case the group (C2" x C2") x C3 is an 
example. We next construct all saturated fusion systems on the groups mentioned 
in this result. 

Definition 5.2. Let J^ be a saturated fusion system on a finite p-group P. The 
essential rank of J^, denoted by rke(J^), is the number of J^-conjugacy classes of 
J^-essential subgroups of P. 



Theorem 5.3. Let T be a saturated fusion system on a finite 2-group P. Lf P is 
dihedral, semidihedral, generalized quaternion or wreathed, then rke(J^) < 2 and T 
is isomorphic to the fusion system on P of one of the groups in the following table: 



rk,(J-) 





1 


2 


Da- 


^piP) 


PGL2(q) 


PSL2((z) 
q = ±\ mod 8 


SD2^ 


PSL,(g2) >, c, ^]^'^'^\ , 
^ ' q = 3 mod 4 


PSL3((z) 
5 = 3 mod 4 


O2" 


SL2{q).C2 


SL2(g) 
q odd 


C2" ; C2 


(C2. XC2.)X53, ^^'^"^1, 

^ ' q=\ mod 4 


PSL3((z) 
q = \ mod 4 
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If P is homocyclic abelian or the Sylow 2-suhgroup o/PSU3(4), then rke(J-') = 
and T is isomorphic to the fusion system on P of one of the groups in the following 
table: 



C2^ X C2.. 


Suz 


Fp{P), Tp{P y4 C3) 


J^P{P), Tp{P ^ Cz), Tp{P X C5), Tp{P X C15) 



Proof. The proof of this theorem is broken up into three parts: the dihedral, seniidi- 
hedral and quaternion groups, wreathed groups, and the homocyhe abehan and 
Suzuki groups. 

Dihedral, Semidihedral and Quaternion 2-groups. The saturated fusion sys- 
tems on Z52" , S'£'2" and (52" arc quite similar. We will try, as much as possible, to 
proceed in parallel for all three classes of groups. 

By Lemma 12.41 and Proposition 13.2111 any J^-essential subgroup of P is isomor- 
phic to Vi or Qg, and has J^-outcr automorphism group isomorphic to S3 . In any of 
the cases, |Z(P)| = 2 and Z(P) is contained in every J^-esscntial subgroup of P. By 
Alperin's fusion theorem and the fact that the automorphism groups of dihedral, 
semidihedral and quaternion 2-groups are again 2-groups, J- is completely deter- 
mined by the automorphism groups of the J^-essential subgroups. If rke(J^) = 0, 
then J- — Tp[P) for any of our potential P, so we may assume that there is at 
least one J^-essential subgroup. 

If P is dihedral, then the J^-essential subgroups must all be isomorphic to V4. 
The dihedral groups have two conjugacy classes of V4-subgroups (that are Out(P)- 
conjugate) and three conjugacy classes of involutions. An automorphism of order 
3 of V4 permutes its three involutions, and as one of these involutions is central in 
P, two of the conjugacy classes of involutions in P will fuse in J^. If one or both 
classes of V4 subgroups are essential then there are two or a single J^-conjugacy 
class of involutions respectively. In the former case this is the fusion system of 
PGL2((7) (for the appropriate odd q) and in the latter case this is the fusion system 
of PSL2((7) (again, for the appropriate odd q). 

If P is generalized quaternion, then every J^-essential subgroup is isomorphic to 
Qs- As P has a unique involution, Z(J^) = Z(P) ^ 1. Thus, J- /Z{J^) is a fusion 
system on a dihedral group and so by [H Corollary 6.14], !F is the fusion system 
of a finite group. In fact, it is a central extension of a fusion system of a dihedral 
group. 

Finally, if P is semidihedral, then there are three maximal subgroups: a dihedral 
subgroup, D, a cyclic subgroup, C, and a generalized quaternion subgroup, Q. The 
two I?-conjugacy classes of subgroups isomorphic with V4 are fused in P, as are the 
two Q-conjugacy classes of subgroups isomorphic to Q%. (If \P\ = 16, there is a 
unique subgroup of P isomorphic to Qg,.) Therefore there is a single P-conjugacy 
class of subgroups isomorphic with V4, and similarly for subgroups isomorphic with 

p. 
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We conclude that there are at most two J'-conjugacy classes of J^-essential sub- 
groups of P, one isomorphic to V4 and one isomorphic to Qs- As there are two 
conjugacy classes of involutions in a semidihedral group, there is an J^-essential 
isomorphic to V4 if and only if the involutions form a single J^-conjugacy class. 
Semidihedral groups also have precisely two conjugacy classes of elements of order 
4 (and these are permuted by an automorphism of order 3 of Qs)- Thus, there is an 
J^-essential subgroup isomorphic to Qg if ^nd only if the elements of order 4 form a 
single J-"-conjugacy class. If both of these situations occur, our fusion system comes 
from PSL3(g). If only the latter situation occurs, we get GL2(g). Finally, if only 
the former situation occurs, then we get the fusion system coming from a nonsplit 
extension of PSlj2{q^) by the field automorphism. (This group has a unique conju- 
gacy class of involutions but must have more than one class of elements of order 4 
since some lie outside of PSL2(q^).) 

Wreathed 2-groups. Let P be the wreathed group C2" I C2 for some n > 2 (as 
n — 1 gives P = Ds), and let Q denote the base group C2" x C2" generated by a 
and 5, a characteristic subgroup of P with \P : Q\ = 2. Since P is 2-generator, and 
one, but not all maximal subgroups of P are abelian (e.g., C2r.-i IC2 is & subgroup 
of P), Aut(P) is a 2-group by C or oUarv 12.21 Hence it suffices, as in the previous 
case, to determine all possible essential subgroups of P. Note that P has a cyclic 
center of order 2", generated by ab and lying inside Q. 

Fix an element t in P \ Q with a* — b and let 5' be a subgroup of P with 
Cp{S) < S such that Aut(S') not a 2-group. In [I] Lemma 1.3], it is stated that S is 
either Q or P-conjugate to the central product R of Z(P) and ((a&~^)^" ,t) = Qg. 
Since no proof is offered there we sketch a proof here. If S is abelian then S is 
homocyclic abelian and contains Z(P), so that S = Q. Hence, S is nonabelian, 
and contains 'Zi{P). The quotient P/Z(P) is dihedral of order 2"+^, and since any 
automorphism of odd order acts trivially on Z(P), Aut(5/Z(P)) cannot be a 2- 
group. Hence S/Z{P) = V4, and there are two conjugacy classes of such subgroups; 
write R and T for preimages in P of representatives of these subgroups. They are 
generated by the central element of P/Z(P), namely Z(P)a^ , and either Z{P)t 
or Z{P)at, and so the two subgroups of interest are 

R = {ab, a , t) and T = {ab, a , at) — {a , at). 

As the cyclic subgroup {at) and the noncyclic subgroup {ab, c? ) are both maximal 
in T, there is no automorphism of T of order 3. This leaves R, which is a central 
product of Z(P) and a Qg subgroup, as claimed. 

There are therefore four saturated fusion systems on P, depending on whether 
one of the subgroups Q, R, both Q and R, or neither Q nor R, are essential 
subgroups. These are the fusion systems of (respectively): (C2" x C21) x 6*3 (with 
53 acting by permutations on a, b and a~^6~^ where a and b are as above); the 
centralizer of an involution in PSL3(g) for g = 1 mod 4, i.e., GL2((j); PSL3(g) for 
(7 = 1 mod 4 (and PSU3(q) for g = 3 mod 4); and P itself. 

Resistant Cases. The other groups mentioned above are the homocyclic abelian 
groups P„ = C2" X C2" , and the Sylow 2-subgroup of PSU3(4), which we will denote 
by Suz. These 2-groups are resistant (in the first case since all abelian p-groups are 
resistant and in the second case by Theorem l4.4l) . and so to determine all saturated 
fusion systems on these groups it suffices to determine Out(P„) and Out (Suz). 
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In the first case, Out(P„) has order 2" • 3 for some a by Proposition 12.11 and so 
there are two saturated fusion systems on P„ , namely those of P„ and P„ x C3 . 

In the second case, it is easy to see (see the following section) that Out(Suz) has 
automorphisms of order 3 and 5, and (up to raising by powers) there are unique 
such automorphisms. Hence there are four saturated fusion systems on Suz, namely 
those of the groups Suz, Suz x C3, Suz xi C5 and Suz x C15. D 

We finish the section by finding all simple fusion systems on 2-groups of 2-rank 
2. Recall that if J-" is a saturated fusion system on a finite p-group P and if E is 
a saturated subsystem of J" on a strongly J'-closed subgroup Q of P, then E is 
weakly normal in J- if for all subgroups S < T < Q and for all cf) G Homjr(r, Q), 
conjugation by (j) induces a bijection Hom£(S', T) — ;> Horns {S(j),T(j)). A saturated 
fusion system is simple if its only weakly normal subsystems are the fusion system 
of the trivial group and itself. Note that while this definition of simplicity differs, 
a priori, from that given by Aschbacher in [3], recent work of the first author f6] 
shows that these definitions are, in fact, equivalent. 

Theorem 5.4. Let J- be a saturated fusion system on a finite 2-group P with 2- 
rank 2. If T is simple, then P is dihedral, semidihedral or wreathed, and J- is either 
the fusion system o/PSL2(g) for q = ±1 mod 8 or PSL3(q) for q odd. 

Proof. By [26, Proposition 6.2], Op{J^) = 1. Therefore, Z(J^) ~ 1 and we may ap- 
ply Theorem 15.11 implying that P is dihedral, semidihedral, wreathed, homocyclic 
abelian or the Sylow 2-subgroup of PSU3(4). However, P is not homocyclic abelian 
since the only simple fusion system on an abelian p-group is Tc (Cp) and P is not 
the Sylow 2-subgroup of PSU3(4) since in this case, by Theorem 14.41 P is normal 
in T. The result now follows from Theorem 15.31 and the fact that a simple fusion 
system coming from a finite group must come from a simple group. D 

6. Odd-order automorphisms of 2-groups 

In this section we will determine all 2-groups of 2-rank 2 possessing a nontrivial 
odd-order automorphism, the first step in classifying all saturated fusion systems 
on 2-groups of 2-rank 2, which would complete the project in [8]. 

In order to state the main theorem of this section, we introduce the following 
notation for several classes of 2-groups. Let Qn,m = Q2^ x Q2™ , QCn,m = (92" x C2^ 
and QDn,m = Q2" x D21. The notation QC* „ and QD^ ^ are defined similarly 
but as central products instead of direct products. The first two of these series have 
exactly three involutions and, if n = 3, each of these possesses an automorphism of 
order 3 acting in the obvious way on the Qs-iactor and trivially on the other factor; 
the group Qs^s possesses another automorphism of order 3 acting nontrivially on 
both factors. We also write Cn,m — ^2" x 6*2". The Sylow 2-subgroup of PSU3(4) 
will again make an appearance as the only Suzuki 2-group with three involutions, 
and here we will again refer to it as Suz. 

There are two more infinite series of groups to define; both are (nonsplit) exten- 
sions of Qs X C2" by C2 . Let Qs be generated by a and b, and let the cyclic factor 
be generated by c. The groups X„ and Yn (of order 2") have a normal subgroup 
QCs^n-A generated by a, b and c, with d outside having order 4 and commuting 
with a and b, and moving c. In Yn, the element d inverts c, and in X„ it sends c to 
c~^a^. In Xn, d"^ is the element z of order 2 in (c), and in F„ we have d^ = a}z. 
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More formally, we have 

Xn ={ a,b,c,d \ a = c = 1, b = a , a^ ba = b^ , 

d = c , d^ cd — c^ a , [a,c] — [b, c] ~ [a, d] — [b,d] — 1 ), and 
Yn ={ a,b,c,d \ a — c =1,6 = a , a^ ba ^ b^ , 

d = a c , d^ cd — c^ , [a,c] — [6, c] — [a, d] = [b,d] = 1). 

Notice that Xq — Yq. The automorphism of order 3 on these two groups acts in 
the obvious way on (a, 6) = Qs and trivially on c and d. 

Theorem 6.1. Let P be a finite 2-group. If P has exactly three involutions, then 
P possesses a nontrivial odd-order automorphism (p if and only if P is one of the 
following: 

(1) QCs^n for some n > 1 with o{(j)) = 3; 

(2) Qs,™ for some n > 3 with o{(j)) = 3 (there are two different automorphisms 
ifn = i); 

(3) Cn,n for some n>\ with o{4>) = 3; 

(4) Xn for some n > 7 with o{(j>) — 3; 

(5) Yn for some n > 6 with o{(j)) — 3; 

(6) the Suzuki 2-group Suz with o{(j)) ~ Z or o{(j)) — 5. 

Theorem 6.2. Let P be a finite 2-group of 2-rank 2. If P has more than three 
involutions, then P possesses an odd-order automorphism if and only if P is one 
of the following: 

(1) Qs * C2" for some n > 2 with o{(j)) — 3; 

(2) Qg * Z)2" for some n > 3 with o{(f)) =3, or n — 3 and o{(j)) — 5; 

(3) QslC2 witho{(t)) =3. 



The proofs of Theorems 16.11 and 16.21 require a few results from the literature on 
2-groups and their automorphisms. We firstly need MacWilliams's four-generator 
theorem. 

Theorem 6.3 (MacWilliams [21]). Let P be a finite 2-group, and suppose that 
P has no normal, elementary abelian subgroup of order 8. Then P has sectional 
2-rank at most 4. 

Consequently, if P has 2-rank 2 then P is at most 4-generator. Our next prelim- 
inary result is a lemma of Mazurov, although it appears in various guises elsewhere, 
such as [I2J Theorem 1.3]. 

Lemma 6.4 ([22' Lemma 2]). Let P be a finite 2-group. If P possesses an odd-order 
automorphism that fixes all involutions of P and acts fixed- point freely on P/^{P), 
then P IS a special 2-group and fii(F) = $(P), i.e., P' = Z(F) = $(P) = rJi(P). 

Note that when we say a group has n involutions, we mean that it has exactly n 
involutions. 

Theorem 6.5 (Janko |TSJ Theorem 2.2]). Let P be a finite 2-group with three 
involutions. If P contains a normal subgroup W isomorphic with C4 x C^, then 
Cp{W) is metacyclic and Q2{Cp{W)) = W. 
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The next result is well known, and we include a short proof because we need 
slightly more information than usual, namely that the three involutions in the 
maximal subgroup are all central. 

Lemma 6.6. // P is a 2-group of 2-rank 2, then there is a subgroup Q of index 
at most 2 such that Q has three involutions, all central in Q, or P is dihedral or 
semidihedral, in which case there is a cyclic maximal subgroup Q. 

Proof. By [TOl Theorem 5.4.10], if P is not dihedral or semidihedral then P contains 
a noncyclic normal abelian subgroup, Y. As Y is noncyclic, it must have 2-rank 
2 and since it is normal and abelian, X = i}i{Y) = V4 is normal in P. Let 
Q — Cp{X); as Q commutes with X, the three involutions in X are the only 
involutions in Q. Finally, [P : Q] = [P : Cp{X)] = |Autp(X)| < 2. D 

The following trivial lemma will be useful at several points. 

Lemma 6.7. Let Q be a normal subgroup of a 2-group P such that P/Q = V4 and 
such that each maximal subgroup of P containing Q possesses three involutions. If 
Q has a single involution, then P has seven involutions. Otherwise, both Q and P 
have three involutions. 

Proof. Every element of P lies in one of its maximal subgroups, and so if Q has a 
single involution, each of the maximal subgroups contains two involutions not in Q 
and hence P has seven involutions. If Q has three involutions, then these are all 
the involutions in each maximal subgroup and hence in P. D 

We will denote by V the set of all pairs {P,4'), where P is a 2-group from 
Theorems 16.11 and 16. 2[ and is a nontrivial odd-order automorphism of P. It is 
easy to determine the action of (/> on a 2-group P: in all cases apart from C„,„, Q3,3, 
Qsl C2, QD^ 3 with o{(j)) = 5, and the group Suz, the group is a central product 
of a 2-group and the group Qs- Here, the automorphism has order 3, and acts on 
Qs in the obvious way and acts trivially on the other factor of the central product. 
If P is abelian then the action is obvious, and if P = Q^^s then we get the action 
just described, and also an automorphism acting diagonally on both factors; this 
automorphism lifts to an automorphism of Qs I C2, which describes this case. The 
final cases are QD^ 3 and Suz, which are two small groups and hence amenable to 
computation via Magma. 

Using a computer, we verify Theorems 16.11 and 16.21 for groups of order up to 2^. 
This will avoid any complications due to the orders of groups being small. 

Proposition 6.8. Let P be a finite 2-group of order at most 2^ and suppose that P 
has 2-rank 2. // Aut(P) is not a 2-group, then P is on the lists given in Theorems 
\Mand\KE 

Proof. This is an easy verification using the computer algebra package Magma. 
The exact entries in the SmallGroup database are as in Table [01 D 

We use the following elementary, but useful, result in the proofs of Proposition 
16.101 Lemma [6.111 and Proposition 16. 151 

Proposition 6.9. Let V be a 4- dimensional vector .space over ¥2 and let g G 
GL(V^). 

(1) // o{g) — 3 then either g acts fixed point freely, or g fixes three points that 
lie in a subspace of dimension 2 (i.e., they are not linearly independent). 
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Three involutions 



Order 


SniallGroup 


Isomorphism Types 


16 


2, 12 


C2.2, QCz.i 


32 


26 


QC3.2 


64 


2, 126, 238, 239, 245 


Cs.Sj QCa.s, Ye, Qs.s, Suz 


128 


914, 2095, 2114, 2127 


QC34, Xj, Qz,i, Yj 


256 


39, 6647, 26918, 26937, 26950 


6*4,4, QC3^5, Xs, Q3,5, Ys 


512 


60795, 420460, 420479, 420492 


QCsfi, ^9, Qs.G, Yq 



More than three involutions 



Order 


SmallGroup 


Isomorphism Types 


16 


13 


QCI2 


32 


38,50 


QCls, QDls 


64 


185, 259 


QC3*4, QDl^ 


128 


937, 990, 2149 


QslC2,QCl,,QDl, 


256 


6725, 26972 


QCl,, QDl, 


512 


60897, 420514 


QClr, QDlj 



Table 6.1. Table of small groups 



(2) // o{g) — 5 then g acts fixed point freely. 

Proof. Notice that GL4(2), the set of all linear transformations of V, is isomorphic 
with ^8- Hence there are two conjugacy classes of elements of order 3 and a single 
conjugacy class of elements of order 5. Let vi, V2, V3 and V4 form a basis for V. 
If g has order 3 then there are two possibilities: either g acts by sending vi 1— >■ U2, 
V2 ^-^ V3, V3 '-^ vi and fixing 114, or by sending Vi 1— >■ Vi+i and Wi+i 1— J> Wi + Wi+i, 
for i S {1,3}. The latter action has no fixed points while the former has three: 
W4 , wi + W2 + f 3 and wi + W2 + f 3 + W4 ; these form the three nonzero elements of a 
2-dimensional subspace. If g has order 5, then g (is conjugate to a map that) sends 
Vi to Vi+i for i S {1, 2, 3} and sends V4 to vi + V2 + V3 + V4; this map has no fixed 
points. D 

The remainder of the proof is structured as follows. We first examine the case 
where (j) fixes no maximal subgroup of P. Note that there is a (/)-invariant bijcction 
between the subspaces of P/^{P) with dimension k and those with codimension k 
since is conjugate to an orthogonal transformation, which commutes with taking 
orthogonal complements. In particular, (p fixes no maximal subgroup of P if and 
only if acts fixed-point freely on P/^{P). We use this several times in the next 
proof in order to employ Lemma 16.41 We then attack the situation where there is 
a (/>-invariant maximal subgroup of P in four steps: reduce to the case where P is 
3-generator or 4-generator and o((/)) = 3; prove the result when P is 3-generator; 
prove the result when P is 4-generator and has a 3-generator 0-invariant maximal 
subgroups; and, finally, prove that when P is 4-generator, it does have a 3-generator 
(/(-invariant maximal subgroup. 



FUSION SYSTEMS ON SMALL p-GROUPS 17 

Proposition 6.10. Let P be a finite 2-group with 2-rank 2 such that Aut(P) is 
not a 2-group. If (j) is a nontrivial odd-order automorphism of P and no maximal 
subgroup of P is (j)- invariant, then P is on the lists given in Theorems \6.1\ and \6.2[ 
Specifically, P is 2-generator or A-generator and either 

(1) o{(j)) = 3 and P is isomorphic to Cn,n or Suz, or 

(2) o{(j)) — 5 and P is isomorphic to Suz or QD^ 3. 

Proof. If P is 2-generator then (jj has order 3 and permutes the maximal subgroups, 
all of which must have three involutions by Lemma [6.6l By Lemma [6.71 P has either 
three or seven involutions. If it has seven, then $(P) has a single involution, so 
that P is generated by two involutions; hence P is a dihedral group, a contradiction 
as then Aut(P) is a 2-group (also, no dihedral 2-group has seven involutions). 
Hence, P has three involutions. If P is abelian, then P = C„_„ by Corollarv 12.3141 
Otherwise, P is nonabelian, and (j) either acts transitively on the involutions, so 
that P is a Suzuki 2-group, or acts trivially on the involutions. In either case, P 
has order 16 (by Theorem l4.2l and Lemma 15^ respectively) and so, by Proposition 
16.81 is isomorphic to C2.2 or QCa.i, a contradiction since 6*2,2 is abelian and QC^^i 
has nonisomorphic maximal subgroups. 

If P is 3-generator, then there are seven maximal subgroups. Consequently, if 
o{(j)) — 3, then there is a 0-invariant maximal subgroup. We conclude that o{(j)) = 7 
and that </> transitively permutes the maximal subgroups of P. By Lemma 16.61 
again, all have exactly three involutions. The automorphism also permutes the 
seven normal subgroups with quotient V4 and so, by Lemma 16.71 P has three or 
seven involutions. If (j) permutes the involutions transitively, then there must be 
seven involutions and the involutions are all central by Lemma [6T6l this implies the 
2-rank of P is greater than 2, a contradiction. We conclude that (j) acts trivially 
on the involutions. However, Lemma 16.41 then implies that rii(P) — 'Zi{P). In 
particular, the involutions of P are all central, contradicting the 2-rank of P if 
there are seven involutions. If there are only three involutions, then \P\ — 32 and, 
by Proposition 16. 8| P = QC3,2, a contradiction since QCz,2 has no automorphism 
of order 7 (or, alternatively, since not all of its maximal subgroups are isomorphic). 

Finally, we assume that P is 4-generator. As P possesses no (/)-invariant maximal 
subgroup and there are fifteen maximal subgroups, we conclude that o{4)) = 3 or 
o{(j)) = 5. By Lemma 16.61 P possesses a maximal subgroup Q with three, central 
involutions. Let R = Q Ci Qip; if R has three involutions then they are centralized 
by both Q and Q4), so that |r2i(Z(P))| > 4. As P has 2-rank 2, this means that 
either P has three involutions or R has a single involution. 

Suppose first that P has three involutions. On one hand, if acts nontrivially 
on these three involutions (so that o{(j)) = 3), then it permutes them transitively, 
so that P is a Suzuki 2-group. By Theorem l42l \P\ = 2^ and so P = Suz. On the 
other hand, if </> acts trivially on the involutions of P, then, by Lemma [6^ \P\ = 2^ 
and so (P, </>) G P by Proposition 16.81 One easily sees in this case that P = (53,3 
with 0(0) = 3 or that P = Suz with o{(j)) = 5. 

We now assume that R has a single involution. If R is 0-invariant, then </> induces 
a nontrivial automorphism on R (as no subgroup of P with index 8 and containing 
^(P) is 0-invariant). The only group with a single involution and with nontrivial 
automorphisms of odd order is Qg,, so that P has order 2^, in contradiction with 
Proposition ESI hence R is not </)- invariant. However, if o(0) = 3, then Proposition 
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16.91 makes it easy to see that the intersection of Q and Qcf) \s (/)-invariant. Hence, 
o(^)=5. 

As P is 4-generator, R cannot be cyclic, so is generahzed quaternion. Since P 
is 4-generator and R is 2-generator, $(P) = $(i?) = C2" is cychc. If n = 1 then 
P has order 2^, and P ^ QDl^ by Proposition IIH If n > 2, then let X be the 
(characteristic) subgroup of index 4 in ^(P), and let G — P/ X. The group G has 
order 2^, has 4-generators, has an automorphism of order 5, and ^(G) is cyclic. 
However, examining the groups of order 2^ using Magma, we find that there is no 
such 2-group, and hence P cannot exist if n > 2. D 

Having dealt with the case where there are no ^-invariant maximal subgroups, 
we may now assume that there is one. The following lemma reduces us to the case 
where P is either 3-generator or 4-generator, and o(0) ~ 3. Our proof uses the fact 
(see [ini Theorem 5.3.2]) that acts trivially on Q if and only if acts trivially on 
P. 

Lemma 6.11. Let P he a finite 2-group of 2-rank 2 with a nontrivial odd-order 
automorphism, (j). If P has a (p-invariant maximal subgroup, then P is 3-generator 
or A-generator and o{4>) = 3. 

Proof. If P is 2-generator, then the three maximal subgroups of P are all stabilized 
by (j). In particular, (j) acts trivially on P/^{P) and hence on P, a contradiction. 
Therefore, P is 3-generator or 4-generator. If o{(p) = 5, then P is 4-generator 
and, by Proposition 16.91 </* ^-cts fixed-point freely on the maximal subgroups of P, 
contradicting the assumption of a 0-invariant maximal subgroup. Finally, let P be 
a 2-group of minimal order such that there exists an automorphism of P of order 
7, and let Q denote a 0-invariant maximal subgroup of P. If (f> centralizes Q, then 
(f) is the identity on P, a contradiction. Therefore, (j) induces an automorphism of 
order 7 on Q, contradicting the minimality of P. D 

Lemma 6.12. Let P be a finite 2-group of 2-rank 2 with a nontrivial odd-order 
automorphism, (j). If P has a (j}-invariant maximal subgroup Q, then [P,4>\ — [Q,4'] 
and P — [Q , (f)]C p {[Q , (j)]) . Moreover, if \P\ > 2* then [P,<p] is isomorphic to Qg,. 

Proof. Set R = [Q,0]. As (p acts trivially on P/Q and Q/R, it acts trivially on 
P/R and hence [F, 0] = R. Moreover, by (iQl Theorem 5.3.5], P = RCp{<p), and 
so the three subgroup lemma implies that [R,Cp{(p)] — [[Q, 0], Cp(0)] — 1. Thus, 
Cp{(p) = Cp{R), proving that P = RCp{R), as claimed. For the last statement, 
note the result holds when |P| — 2* by Proposition 16.81 If |P| > 2^ and Q has a 
^-invariant maximal subgroup, then by induction on |P|, [P, (j)] — [Q, (f>\ = Qg. If Q 
does not have a (/>-invariant maximal subgroup, then Q = Cn,n by Proposition lG.lOl 
It follows that Q/^i{Q) — Gn~i,n-i and so, by induction on n, (j) acts trivially on 
P/ni{Q) (since n > 4); therefore, acts trivially on P as QiiQ) < <^{Q) < $(P) 
(also since n > A). D 

Proposition 6.13. Let P be a finite 2-group of2-rank2 with a nontrivial odd-order 
automorphism, (j), and a (p-invariant maximal subgroup. If P is 3-generator, then 
P = Q8lC2,QG3,n orQGl„. 



Proof. By Proposition 16.81 the proposition is true for \P\ < 2^. If \P\ > 2^°, Q 
denotes a ^-invariant maximal subgroup and R = [Q,(p], then Lemma l6. 121 implies 
that P = RCp{R) and R = Qg- Thus, F is a quotient oi X = R x Cp{R) by 
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a (central) subgroup Y of order 2. As P is 3-generator, X is either 3-generator 
or 4-generator (so that Cp{R) is either l-generator or 2-generator), and if X is 
4-generator then Y n ^{X) = 1, so that F is a direct factor of X. In this case, 
Cp{R) = C2 X C2", and hence X = Qs x C2 x C2", with Y the direct factor of 
order 2; this yields P = QCs.n- If X is 3-generator, then Cp{R) is cyclic and 
X ^ Qs X C2"; this implies P = QC^ j^, completing the proof. D 

Proposition 6.14. Let P be a finite 2-group of2-rank 2 with a nontrivial odd-order 
automorphism, (j). If P is A-generator and has a 3-generator (j)-invariant maximal 
subgroup Q, then Q has a (p-invariant maximal subgroup and: 

or Qs.n+i; 



(1) Q^QilC2; 




(2) ifQ = QC3,n, thenP^ 


- Xn+i, Yn 


(3) ifQ-QClr,, thenP = 


= QDln+1- 



Proof. Firstly, since Q is 3-generator and does not act trivially on Q, Proposition 
16.101 implies that Q has a (/)-invariant maximal subgroup. Proposition 16.81 implies 
that we may assume \P\ > 2^° (in particular, this shows that Q cannot be QslC2, 
as then \P\ = 2*); by Lemma [6.121 we have R = [Q, </>] is isomorphic with Qg and 
P = RCp{R). 

Suppose that Q ^ QCz,m so that Cq{R) = C2 x C2", and let x be an element 
of Cp{R) \ Cq{R). Obviously x^ acts trivially on R and x^ G Gq{R), an abelian 
group, so x"^ G Z((3). Write R — (a, &), with a and b of order 4, and write S — (c) for 
the cyclic direct factor of Q. It is easy to see that S and S — {a^c) are the only two 
normal subgroups of Q that are cyclic of order 2", and so either S'^ = S ot: S^ — S. 
Let z be the involution in S*, and notice that (a^, z) is a central, elementary abelian 
subgroup of P (as x centralizes both a^ and z). Hence, P has three involutions. 
Also, S r\S = (c^) is characteristic in Q, so x sends c^ to some power of itself. Let 
W — {a,c^ }, a normal subgroup of Q isomorphic with C4 x C4. By Theorem l6.5[ 
Cq{W) is metacyclic and n2{CQ{W)) = W. Since \Q : Cq{W)\ = 2, and Cq{W) is 
2-generator and P is 4-generator, Cp{W) — Cq{W). Hence, x does not centralize 
W, but does centralize R] thus, x inverts c^ . In particular, Z(P) = {a'^,z), so 
that X has order 4. 

If S"" = S, then c^ = c", where a e {1, -1, 2"-^ - 1, 2"-^ + 1}. The two cases 
a = 1 and a — 2"~^ -|- 1 cannot arise as x inverts c^ '. If a = 2"~^ — 1 and a;^ is 
one of a^, a^z or z, then ax, acx and ex, respectively, are involutions in P and not 
in Q, a contradiction. If a = —1, then x'^ — z gives P = Qs^n+i and a;^ = a^z gives 
P = Yn+A- If x^ = a^ then (a;, a, b) would be a group with a single involution, as 
a'^z and z lie outside it, but this is impossible, so this situation cannot arise. 

If S'^ = S, then as above, c^ = a^c"', where a G {1, -1, 2"'^ - 1, 2"^^ -I- 1}. As 
before, the two cases a = 1 and a = 2"~^ -I- 1 cannot arise as x inverts c^ . If 



X 



2 



', a'^z and z, then ace, ex and acx, respectively, is an involution not lying in 
Q, and so P has more than three involutions. Thus c^ — a^c~^; again, x'^ 7^ a^, 
and ii x^ = z then P = Xn+A- If a^^ = a^z then (ax)^ = z and we again get Xn+4. 
This completes the proof of (1). 

Finally, suppose that Q = QC^^. Here, Cq{R) is cyclic of order 2", so that 
Cp{R) contains a cyclic maximal subgroup. If Cp{R) is cyclic itself then P is 3- 
generator, and if Cp{R) is dihedral then P = QD^j^_^_^, as claimed. It remains to 
show that Cp(i?) cannot be C2" x C2, semidihedral, generalized quaternion, or a 
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modular 2-group, and to do this, in each case we will exhibit an elementary abelian 
subgroup of rank 3. 

If Cp(-R) contains a subgroup, Si, isomorphic to Qg,, then let S denote the 
subgroup generated by the diagonal subgroup of i? x ^i and the center of i? x S'l , a 
group of order 16 whose image in _R * Cp{R) = P is elementary abelian of order 8, 
and this proves that if Cp{R) is semidihedral or generalized quaternion then P has 
2-rank 3. If Cp{R) is C2" x C2, then it is easy to see that P has 2-rank 3 or is 3- 
generator (depending on whether you identify the involution in the cyclic subgroup 
or one outside), and if Cp(i?) is a modular 2-group then it contains a maximal 
subgroup isomorphic with C211-1 x C2, with the central involution of Modn+i being 
in the larger cyclic subgroup, and so the central product of this with R has 2-rank 
3 as we have stated above. Thus, all parts are proved. D 

Proposition 6.15. Let P be a finite 2-group of 2-rank 2 with a nontrivial odd-order 
automorphism, (p. If P is A-generator and has a <f>-invariant maximal subgroup, then 
P has a 3-generator (p-invariant maximal subgroup. 

Proof. By Proposition 16.91 P has three 0-invariant maximal subgroups: call them 
Qi, Q2 and Q3 and assume each is 4-generator. 




HQi) 



^ = n*(Q. 



Firstly, the subgroups ^{Qi) are all different, else Qi/^{Qi) is elementary abelian 
of order 16 and P/^{Qi) is therefore elementary abelian of order 2^ (since all ele- 
ments of P/^{Qi) lie in one of the Qi/^{Qi), so have order 1 or 2), contradicting 
the fact that P is 4-generator. Let X be the intersection of the ^{Qi), and let 
G — P/X. This group has the following properties. 

(1) G is 4-generator, \G\ = 2^, and G possesses an automorphism (j) of order 3. 

(2) The three maximal 0-invariant subgroups of G are each 4-generator, and 
have abelianization of order 16. 

The last statement, that IQi/Q'^l — 16, follows by the fact that each Qi has, by 
induction, a 3-generator 0- invariant maximal subgroup that, by Proposition 16.141 
is one of the groups X„, F„, Q^^n and QD^ „, and examining the presentations of 
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these groups, we see that in each case the derived subgroup and Frattini subgroup 
coincide. 

One may use Magma to find all such groups of order 2^. There are two 4- 
generator groups G of order 2® that possess an automorphism of order 3 such 
that the three (/(-invariant subgroups of G are each 4-generator, given labels 192 and 
194 in the SmallGroup database. The first is abelian, so in particular the Qi are 
abelian, and while the second is nonabelian, the Qi are all isomorphic and abelian. 
Hence there is no such group G, and thus no such group P can exist. D 

This last proposition completes the 4-generator case, and so there is no coun- 
terexample to Theorem 16. II or Theorem 16.21 
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